Abstract-We study the problem of automatic generation of smooth and obstacle-avoiding planar paths for efficient guidance of autonomous mining vehicles. Fast traversal of a path is of special interest. We consider fourwheel four-gear articulated vehicles and assume that we have an a priori knowledge of the mine wall environment in the form of polygonal chains. Computing quartic uniform B-spline curves, minimizing curvature variation, staying at least at a proposed safety margin distance from the mine walls, we plan high speed paths.
I. INTRODUCTION
Path-planning is a problem area growing more and more important as the level of automation increases [1] - [7] . Today, there are many industrial applications that require the pre-computation of paths for au- A. Brodnik is with the University of Primorska, PINT, Slovenia, SI-6000 and with the University of Ljubljana, Faculty of Computer and Information Science, Slovenia SI-1000 (e-mail: andrej.brodnik@upr.si).
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Digital Object Identifier 10.1109/TASE. 2009.2015886 tonomous vehicles and robot arms [8] - [13] . We address the problem of computing an obstacle-avoiding planar path that combines the properties of being both smooth and fast to traverse.
1) Obstacles:
The work space of autonomous vehicles and robot arms are often cluttered with obstacles that must be avoided. We work with the path-planning of the autonomous vehicles used for transporting iron ore in the underground mines of the Swedish mining company Luossavaara-Kiirunavaara Aktiebolag (LKAB) [14] . It is crucial that these autonomous vehicles avoid the obstacles constituted by the mine walls in order for the production to proceed. Much work has been devoted to planning paths in the presence of obstacles. Many results involve piecewise linear paths [3] , [15] .
2) Smoothness: Practical applications involving physical machines require that paths are smooth [5] , [7] , [16] - [18] . The autonomous ore transport vehicle used at LKAB is articulated. This means that the whole vehicle is involved in the steering. Its steering gear gets worn out by jerks in its path. Large jerks increase the risk of slippage and dropping of ore. This might even lead to halting production.
Depending on context, a path or curve in space is said to be smooth if it is tangent continuous, has a continuous curvature, or even has a continuous derivative of curvature [5] , [7] , [16] - [18] . We work with quartic B-spline functions. These have a continuous derivative of curvature.
3) Speed: Here, an important aspect of the smoothness of a path is its relation to the speed at which the path can be traversed. With or without gears, the turning speed of a vehicle is limited by the speed of the vehicle. The gear and the speed need to be adjusted for admitting the vehicle to follow the path. If there is a high smoothness of the path, high gears can be used for a longer time, giving a fast traversal of the path.
4) Safety:
Still, obstacle-avoidance and smoothness are not enough for practical purposes. The path should also stay at a sufficient distance-the safety margin-from the obstacles. A path will tend to go close to obstacles in order to have an as high smoothness as possible. This means that the path will most likely touch the safety margin. The computation of safety margins has been considered in the literature [19] . We propose a method for computing safety margins that can be utilized in our addressed environment of mine walls.
5) Contribution:
We put to test the assumption that geometrically smooth paths, computed with an a priori knowledge about the environment, are fast to traverse. The Swedish mining company LKAB provides us with a set of piecewise seventh-degree polynomial that they have already planned.
Based on mine map application data from LKAB, in the form of polygonal chains, we compute safety margins described by two flanking polygonal chains. Inside of these margins, using the fact that we work with polygonal chains, we can use a standard nonlinear programming tool to compute geometrically smooth paths built from obstacle-avoiding quartic minimum curvature variation B-spline curves. These quartic B-splines have a continuous derivative of curvature.
Using the same model of a four-gear four-wheel articulated vehicle with prescribed gear-limits as the one used by LKAB, we observe that it is possible to travel at a higher speed along the B-spline paths than along the corresponding LKAB paths. This is presented by considering eight scenarios.
II. PRELIMINARIES
This section contains a description of the LKAB paths and their representation, our smoothness measure, and a motivation for using B-splines as a path representation. It also contains a description of our minimum curvature variation B-spline (MVB) and how it is computed.
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1) Path Cycles and Segments: Our interest lies in the properties and planning of a path going from an initial to a terminal posture or pose. In industry, such a path is commonly denoted as a path cycle. We also use the term path cycle. A path is built from subpaths, i.e., consecutive path segments.
2) MVB Paths and Constraints: We compute paths that are quartic minimum curvature variation B-spline (MVB) curves (see Section II). All paths meet up with initial and terminal endpoint constraints, which are given in terms of position, slope angle, curvature, and derivative of curvature. Furthermore, the paths must not intersect obstacles represented by two flanking polygonal chains generated from mine wall information. The linear functions that describes our obstacles comes from connected laser point data measurements at LKAB.
3) LKAB Paths: LKAB describes path segments by seventh-degree polynomials parameterized in separate coordinate systems. For each polynomial segment, the maximal derivative of curvature is minimized. These paths are flexible but they do not necessarily minimize curvature variation or smoothness over the whole path. This means that the traversal time for the entire path need not be optimized.
4) Smoothness Measure:
We consider a smoothness measure described by e.g., Kanayama and Hartman [20] . This measure is the integral over the square of arc-length derivative of curvature along the path. A motivation of using this measure comes from the physics of motion. The variation of curvature is proportional to the jerk or change in lateral acceleration of the vehicle. Jerks are unwanted for a vehicle for many reasons. They also negatively affect the speed of the vehicle.
We consider curves being functions along a room axis. A function
, can be parameterized in its arc length s. With standard room transformations in the plane, using the notation _ = d=ds and 0 = d=dx, we express our cost function as
5) Different Curve Types:
There are many ways to represent curves used for trajectory planning. Seven different curve types are mentioned in an overview [6] . Line segments coupled with arcs of circles, Cartesian polynomials, clothoids coupled with anticlothoids, cubic spirals, generalized polar polynomials, B-splines, and parametric curves being sums of harmonics (sine and cosine functions). Each of the four first mentioned curve types have their drawbacks.
Curves built from line segments and arcs of circles have discontinuities in their curvature leading to unwanted jerks. And the maximum value of curvature of Cartesian polynomials is not easily computed. Clothoids and anticlothoids are intrinsic curves meaning that there are no closed form expressions for their position [5] , [7] . Cubic spirals have the same disadvantage. The three remaining curve types do not have the same drawbacks. They can all be written in closed form and they allow any number of continuous derivatives.
6) B-Spline Curves:
We work with curves built from B-spline functions. B-spline functions [21] - [23] have properties making them suitable for smooth and obstacle-avoiding path-planning. They are efficiently computed closed form functions [21] . Their approximation ability and the properties of their shape depend on the number of B-spline basis functions used for defining them [24] . They are widely used in data fitting, computer aided design (CAD), automated manufacturing (CAM), and computer graphics [25] .
A B-spline function or B-spline B(x) is a piecewise polynomial of a certain degree. Much work has been devoted to planning or smoothing trajectories using B-splines [8] - [13] . However, this work does not handle obstacle-avoidance and it involves B-splines having a The ore is produced using autonomous vehicles. We study the eight path cycles a1, a2, a3, a5, a6, c1, c2, and c3. With increasing smoothness of a cycle comes an increase in speed and a shortening of travel time. discontinuous curvature. We consider quartic, i.e., degree 4, uniform B-splines B(x). A quartic B-splines has an inherited continuous derivative of curvature which leads to small jerks.
7) B-Spline Envelope:
It is possible to compute an envelope containing the B-spline function [26] , [27] . By means of the envelope, the B-spline function can avoid obstacles represented by piecewise linear functions c(x) c(x). The envelope of B(x) is itself a pair of piecewise linear functions e(x) and e(x), given by B(x), such that
e(x). For obstacles-avoidance it suffices to impose the constraints c(x) e(x) and e(x) c(x). An optimization problem with a finite number of linear constraints can then be formulated.
8) Minimum Curvature Variation B-Spline (MVB):
We are concerned with obstacle-avoiding minimum curvature variation B-splines (MVB) [28] , [29] . They are solutions to: 9) Problem 1: Given two flanking obstacles in the form of polygonal chains that are piecewise linear functions c(x) c(x) defined on a real interval I = [x0; x1], a set of endpoint constraints, and n B-spline basis functions, compute a quartic uniform B-spline B(x) defined on I such that 1) the B-spline B(x) satisfies the given endpoint constraints,
2) c(x) e(x) and e(x) c(x), and 3) the B-spline B(x) minimizes the cost function
where
3=2 is the curvature and
e(x) is the envelope of B(x) respectively. This linearly constrained nonlinear optimization problem can be solved with standard optimization tools. One such tool is the MATLAB solver fmincon which in this case uses a medium scale optimization algorithm based on Sequential Quadratic Programming (SQL) [30] . A uniform knot placement is considered in this paper. We use the integration routinecoteglob [31] . In comparison with other routines, we find it to have an overall high accuracy. Fig. 5 shows a computed MVB. It is seen how the envelope contains the B-spline curve and restricts it from touching the obstacles.
It is sometimes insufficient to work with one room axis only. In certain situations, the problem of finding an MVB path is divided into into subproblems. Introducing additional room axes is today a manually solved problem. 
10) Method Overview:
For different path cycles, we want to compare the properties of our MVB paths with the properties of the cor- responding paths generated at LKAB. We are given the corridor-like environment, the LKAB paths with their gear shifting scheme, the cost function, the vehicle model, and the start and endpoint constraints. For each comparison we do the following. 1) Compute safety margins giving a new and narrower corridor environment. 2) Plan an obstacle-avoiding MVB path by solving a linearly constrained optimization problem. 3) Compute the highest possible gear for the vehicle on each MVB path segment. 4) Compare the MVB path cycle with the corresponding LKAB path cycle when it comes to traversal time, value of the cost function, maximum curvature, maximum derivative of curvature as well as path length.
III. VEHICLE MODEL AND SAFETY MARGIN
We use a vehicle model based on the Load-Haulage-Dump vehicle Tamrock Toro 2500 used at LKAB [32] . It is an electrical wheel loader with articulated steering, seen in Fig. 2 . In our case it is fully automated. We model the sweep area of the vehicle during its movement as being of circular shape. This is used to compute the safety margin.
1) Gears, Speed and Acceleration:
The vehicle has an electrical engine and four distinct or discrete gears. On average, the wheel power output is about 165kW. Based on measurements made at LKAB, the vehicle mean weight is set to 85 tonnes. LKAB has measured the average driving speed of each gear and the average acceleration up to each gear. These values are presented in Table I . All gears have the deceleration of 0.9 meters per second square. On every segment, the highest gear possible is chosen. The reason for not having the very highest gear all the time is the limits in maneuvrebility.
2) Travel Time: The total path cycle travel time is the sum of the time to travel along each of its segments. The speed over a segment may contain acceleration, a constant speed stretch and deceleration. In tests, the constant speed is reached on every segment. In our model also, we allow the vehicle to reach constant speed on each segment.
To compute the travel time, we model the vehicle movement along a path segment. Let a be the acceleration, d the deceleration, and v c the constant speed. Furthermore, let vi, vt, and l be the initial speed, terminal speed, and the length of the segment, respectively. As shown in A model of the vehicle is built from its technical specification. Fig. 3 shows a drawing of the vehicle. The distance L = 2:55 meters to the joint is the same for both the front and the rear wheels. 
For each path segment, the gear with the highest prescribed velocity is chosen such that this bound still holds.
4) Safety Margin:
To account for the sweep area of the vehicle and at the same time impose a safety distance between the vehicle and the mine walls, we compute a safety margin.
We use the Minkowski sum [19] on a polygonal chain to account for the size of a vehicle. As the result is a polygonal chain for use in our optimization problem, we are interested in keeping the number of vertices as low as possible. The safety margin problem can be formulated as:
5) Problem 2:
Given a polygonal chain C construct another polygonal chain C 0 , containing no point closer to C than and no point farther from C than + , having as few vertices as possible.
A plot of an instance of the problem is shown in Fig. 4 . A solution to this problem is presented by Iri and Imai [33] . We solve a restricted version of the problem where the resulting polygonal chain has its vertices at distance + =2 from C.
IV. PATH CYCLE COMPARISONS
From two polygonal chains we can compute a safety margin. The B-spline envelope allows the computation of an obstacle-avoiding MVB path satisfying start and endpoint constraints. These methods are presented in previous work [28] .
Here, we compare our paths with corresponding real-life paths produced in industry. In this case we apply our methods on data from LKAB. To a great extent, these industrial paths are manually generated. We use the same vehicle and time model as the one used at LKAB, see Section III. Properties of our computed MVB paths are compared with those of the corresponding LKAB paths. Especially, we put an interest in comparing travel times along a path cycle. The comparison is made without taking into account any control algorithms.
The LKAB paths are built from consecutive seventh degree polynomial path segments. They are not generated to minimize curvature variation. Our MVB path is a fourth-degree B-spline function defined along a room axis. It minimizes curvature variation and is divided into segments according to Section III. For certain geometries, where more than one room axis is needed or preferable, the problem of computing an MVB path is split into subproblems.
1) LKAB Mining Area 820:39:
We consider mining area 820:39 in the LKAB underground mine in Kiruna, Sweden. This mining area is shown in Fig. 1 . The figure points out eight path cycles, namely a1, a2, a3, a5, a6, c1, c2, and c3. A safety margin is computed such that it accounts for both the sweep area of the vehicle and takes into consideration the safety distance used at LKAB. In our setting, the safety margin lies in a region between 2.25 m and 2.35 m from the polygonal chains describing the walls of the mine ( = 2:25 m and = 0:10 m in the safety margin problem of Section III).
The MVB paths are computed to satisfy the same endpoint constraints as those of the LKAB paths. Derivative of curvature and curvature are numerically computed at 300 positions along each path segment. For both the MVB and the LKAB paths, according to the same rules, the highest possible gear is chosen on each segment, see Section III. Also, according to Section III, the acceleration and deceleration along an MVB path and an LKAB path are computed in the same way. An average weight of 85 tonnes is used in our computations. This is a weight also proposed by LKAB.
To suit the settings studied here, we compute an entire MVB path cycle by dividing it into connected subpaths. Each subpath is a 25 basis B-spline function defining a set of path segments. When an LKAB is generated, each and every segment is defined manually. The splitting is only performed when more than one room axis is preferable. We follow a scheme where a split-point is introduced where the corridor has a slope change of more than about 40 degrees and, where possible, in the middle of a straight stretch of the road.
2) Path Cycle a1: We give a detailed presentation of one of the eight path cycle comparisons. This is for cycle a1, seen in Fig. 7(a) . The cycle starts at the initial position I in the upper left corner and ends at the terminal position T at the bottom right. The detour just above T is due to the position of the vehicle power cable outlet.
The difference between the MVB and the LKAB gear shifting and velocities is shown in Fig. 7(b) . Positive numbers means that the vehicle is driving forwards and vice versa. The MVB path cycle is slightly longer than the LKAB path (184.7 m vs 183.2 m as seen in Table II) , but being traversed, it allows higher speed most of the time being traversed. Fig. 8 shows a comparison between the derivatives of curvature of the MVB and the LKAB paths along cycle a1. The values along the MVB path have an overall lower magnitude those along the LKAB path.
For the remaining seven path cycles, we get similar results as those for cycle a1. Results from all eight comparisons are presented in The rows of Table II are divided into groups depending on what cycle they belong to. Each cycle has a row for LKAB, MVB, and a difference in percents going from the LKAB value to the MVB value. The last row of the table presents an average of all the percentage differences.
Even though being slightly longer, it is seen that the MVB path is both smoother and faster to traverse than the LKAB path. An optimization with 25 basis functions takes about 30 minutes on a Pentium IV 2 GHz machine with 2 Gb RAM memory. 
V. CONCLUSIONS AND FUTURE WORK
Using application data from the Swedish mining company LKAB, we show that quartic uniform minimum curvature variation B-splines are suitable paths for automated four-wheel Load-Haulage-Dump vehicles in the mine. Studying eight real-world cases we show that smooth B-spline curves yield paths that are faster to drive along than paths used by LKAB today. Our simulations show that, with an average of 32.13%, the new paths are faster to travel along than the paths currently in use. Preliminary results from an internal project at LKAB show an overall 5-10% increase in ore transport production speed. Then, not only transportation is accounted for, but also moments such as loading, dumping, and maintainance. Altogether, this shows that a minimum curvature variation B-spline is suitable for high speed traversal.
Future work includes comparisons with other automatic path-planning methods. Studies of how to automatically handle the problems introduced when more than one room axis is needed. Adaptive knot placement for improving the properties of the B-spline function is of interest. An investigation of the tradeoff between higher speed and increased wear of the vehicle can be made. Investigations of the properties of the safety margin, the modeling of the vehicle, and how these affects the quality of the resulting path should be made. With the simplified vehicle model we are able to use the envelope to impose linear constraints. Using a more exact vehicle model instead of a simplified model is an interesting issue in the future. This would most probably lead to a new optimization problem setting where a more complex polygonal object collision detection method is required [34] .
It is clear that our paths can be applied in other contexts than mining. It would be interesting to investigate if minimum curvature variation B-splines are efficient for use in higher dimensions and in other applications such as underwater and air space environments.
